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Introduction
Of late there has been considerable interest in the study of analogs of the Frattini subgroup of a finite group and investigation of their properties, particularly, their influence on the structure of the group (see [l-4] ).
In [2] , Bhattacharya and Mukherjee introduce the subgroups Q_(G) and S,(G) and exhibit their relationship with the given group G under the hypothesis of G being r-solvable. In [3] , Guo gets a result with the same hypothesis.
The objective of this paper is to investigate these groups further and to show that the n-solvable assumption is unnecessary in their main result. All the main results in [2] and [3] have been generalized.
The main results of this paper are as follows:
Theorem. Let G be a finite rr-separable group. Then: clo&@~(G)~OAG) = @(G/O,(G)) 1s a nilpotent -n'-group and Q,(G) is m-(ii) Both Sm(G) /O,(G) and S,.(G) /O,,(G) are supersolvable.

Corollary.
Let G be a finite n-separable group. Suppose that both N and M are normal subgroups of G with N 5 Q,(G). Then M is rr-closed if and only if MNIN is n-closed.
For convenience, we give some notations and definitions first.
Let 7~ be any set of primes and rr' the complementary set of primes. Let G be a finite group. Then we denote M Q G to indicate that M is a maximal subgroup of G. Also, IG : Ml7 denotes the n-part of IG : MI. C onsider the following families 
Definition.
Q,,(G) = n {M: ME 9,} if 9, is nonempty, otherwise Q,(G) = G. ST(G) = n {M: ME %?} if F2 is nonempty, otherwise
A group G is called x-separable if every composition factor of G is either a v-group or m'-group. A group G is called n-solvable if every composition factor of G is either a rr'-group or a p-group with p E 7r. Clearly, G is r-separable if and only if G is 7r'-separable.
Each r-solvable group is r-separable. When G is n-solvable, one can easily show that both Q,,(G) and S,(G) are solvable.
If we only assume that G is n-separable, then S,(G) need not to be solvable.
For instance, let G be a nonabelian simple group and rr = m(G). Then G is rr-separable but not r-solvable, both 5, and F2 are empty and Q,(G) = S,(G) = G.
All the groups in this paper are finite.
Preliminary results
Property 2.1. G is rr-separablee every chief factor of G is either a rr-group or r'-group. G is rr-solvable G every chief factor of G is either a rr'-group or a p-group with pE7r. 0 ( 
We are done.
Then
L(GIP)= L(G)/P by Lemma 2.2(2). Hence both P and L(G)/P are solvable and so is L(G).
either a n-number or a m'-number.
which is contrary to the choice of p. The result now follows.
(3) It follows directly from (2) and Lemma 2.2(3). q
Properties of G,(G)
We call an element x in G a rr-non-generator if for any subset 
G=(T).
Theorem 3.1. Q,(G) = (x: x E G, x is a n-non-generator of G).
. I Q,(G). 0
We call a group G n-closed if O,(G) is a Hall rr-subgroup of G. Since G is r-separable, N is either a n-group or a rr'-group. From (i) follows that N is a r'-group. Now from Lemma 2.3(3) it follows that 1 # N 9 Q(G) = 1, a contradiction.
Theorem 3.3. Let G be a finite n-separable group. Then: (1) @w(G)/O,(G) = @(G/O,(G)) is a nilpotent rr'-group and Q,(G) is 7~-closed. (2) Let K a G and K 5 Q,(G). Then M is n-closed if and only if MKI K is
This shows that Q,(G) = Q(G) = 1, contrary to the choice of G. The result now follows. 
by 
Properties of S,(G) Theorem 4.1. Let G be a finite group. Let 9 be a solvable saturated formation containing the formation of finite nilpotent group. Suppose that M is a normal subgroup of G with Q(G) 5 M. Then M E 9 if and only if MI@(G) E 9.
Proof. Assume that the result is false and consider a counterexample G with minimal order. Then Q(G) # 1. Let N be a minimal normal subgroup of G with N 5 Q(G). Then:
(1) M is solvable and M/NE 9.
In fact, 3 is solvable and M/@(G) E 9 yields that M is solvable. Since Hence M E 9. The last contradiction yields our result. 0
Theorem 4.2. Let G be a finite rr-separable group. Then S,(G) /O,(G) is supersolvable.
Proof. Assume that the result is false and consider a counterexample G with minimal order. Then: 
